permitted to oscillate linearly in any given inertial reference. In addition, the bladed disc is allowed to be loaded with steady sinusoidal or general periodic loads moving with the structure. Under these r anditions, it is desired to determine the dynamic response (displacement, a= '. atian, stress, etc.) of the bladed disc. j f -4-
W IN

EQUATIONS OF MOTION
The cyclic symmetry feature of the rotating structure is utilized in deriving and solving the equations of forced motion. Consequently, only one of the cyclic sectors is modelled and analyzed using finite elements, yielding substantial savings in the analyses cost. Results, however, are obtained for the entire structure. The Coriolis and centripetal acceleration terms have been included.
For clarity of derivation, the equations of motion are first derived for an arbitrary grid point of the cyclic sector finite element model, and then extended for the complete model.
COORDINATE SYSTEMS
These are shown in Figure I . C-XYZ is an inertial coordinate system. 0-XB YB ZB is a body-fixed coordinate system such that OX B coincides with the axis of rotation of the structure and is always parallel to OX. For a NASTRAN finite element model of the bladed disc, O-X B YB ZB also represents the Basic coordinate system. A-xyz is a body-fixed global coordinate system in which the displacements of any grid point P are desired. The unit vectors associated with these coordinate systems are also shown in Figure 1^ ;
DEGREES OF FREEDOM
The rotating structure is permitted four rigid body motions including three translations (along OX, OY and OZ) and one rotation at a constant angular velocity S2 about its axis of rotation OXB.
Each grid point of the structure is permitted six degrees of freedom.
The displacement at any grid point in any sector can be expressed in any bodyfixed coordinate system as a combination of: 1) the steady state displacement due to the steady rotation of, and the steady state loads applied to, the structure, and
2) the vibratory displacement (superposed on the steady displacement) due to the vibratory excitation provided by the directly applied loads and the inertial loads due to the acceleration of the axis of rotation ('base' acceleration).
The purpose of.the present development is to determine the vibratory complete structure; D is the Rayleigh's dissipation function representing the energy lost in the system due to resisting forces proportional to velocities u (e.g. viscous damping forces); and dW represents the virtual work done on the structure by the external forces through virtual displacements du.
The complete set of degrees of freedom u can be subdivided into N subsets, each containing u n degrees of freedom for each of the N cyclic sectors. Since any given cyclic sector is 'connected' to adjacent cyclic sectors only on its two sides, u satisfies the intersector boundary compatibility condition a side 2 -a side 1 n 7 2 2 9 ..., N.
Equations (1), therefore, can be written as N sets of equations coupled only as given by equations (2):
' .
For clarity of presentation, without loss of generality, equations (3) are first applied to obtain the equations of motion of an arbitrary grid ; p oint in any cyclic sector by considering its three translational degrees of fre,10m. Inclusion of the three rotational degrees of freedom at the arbitrary grid point, and extension to include the remaining grid points in the cyclic sector ar: con-, sidered subsequently.
EQUATIONS OF FORCED MOTION
With reference to Figure 1 , point P is an arbitrary grid point of the nth cyclic sector with a mass of 'm" units lumped from the adjacent finite elements.
Substitution of the expressions for T, U, D and 6W in the Lagrange equations (3) results in the following equations of forced motion of point P expressed in the displacement (global) coordinate system A-xyz:
T he terms appearing in equations (4) are riven in Appendix A.
Equations (4) describe the translatory motion of an arbitrary point P in an arbitrary sector n of the rotating cyclic structure subjected to a directly applied vibratory load {P) and base acceleration {R0).
These equations can be extended to include the three rotational degrees of freedom at point P by noting that: 1) in a lumped mass model, only the translational degrees of f r eedom at any grid point contribute to the kinetic energy of the structure, and [Brt]
[Brr]
By similar reasoning, the equations of forced vibratory motion of all the cyclic sectors of the total structure can be written as
The intersegment boundary compatibility is specified by equation (2) . 2) Application of circumferential harmonic-dependent inter-segment compatibility constraints.
3) Solution of frequency-dependent circumferential harmonic components of displacements.
4) Recovery of frequency-dependent response (displacements, stresses, loads,
.etc.) in various segments of the total structure.
An overall flowchart outlining the solution algorithm is shown in Figure 2 .
Provision to include the differential stiffness due to the steady loads is also shown.
Transformation of Applied Loads
The transformation to frequency-dependent circumferential harmonic components depends on the form in which the excitation is specified by the user.
Details of the five loading conditions considered are as follows: (10) can further be expanded in a circumferential (truncated) Fourier series
where n -1, 2, 0.0 9 N ,
The last term in equation (11) exists only when N is even. The Fourier _irk" coefficients PIV ("k" = 0; kc, ks, k = 1, 2, ..., k L ; N/2) in equation (11) do not vary from sector to sector, and are defined by Such loads can be represented as
R^ 1
where m = I t 2 9 ..., M represent the time instances at which harmonic components "k" 0; kc, ks, k s I t 2, ..., k L ; N/2 of directly applied loads are specified.
R
The coefficients T oo k" on the right hand side of equation (14) are obtained using equations (10)with sector number n replaced by harmonic number "k".
Directly applied to^ds frequency -and segment-dependent)
This type of loads can be represented as
where "k" (=1, 2, ..., F) now represents the frequencies at which excitation is specified. The transformed frequency-dependent circumferential harmonic components _n to PIlk" ("k" = 0; kc, ks, k = 1, 2, ..., k L ; N/2) are obtained using equations (13) with " k " as defined above.
Directly applied loads (frequency-and circumferential harmonic-dependent) These loads are the transformed frequency-dependent circumferential harmonic components P -" " ("k" = 0; kc, ks, k = 1, 2, ..., k L ; N/2) with "Q" ( = 1, 2, ..., F) representing the various frequencies at which the directly applied loads are specified.
Base acceleration (fre q uency-and circumferential harmonic-dependent In Appendix B, it is shown that the components of the translational base acceleration contribute to inertial loads on the rotating structure in the following manner:
).
Axial component contributes to
where "k" -0, and 11 11 represents the specified excitation frejuencies, -,IV
Lateral components contribute to IIV
where "k" _ Ic and Is, and "k" represents the effective excitation frequencies which are shifted from the specified frequencies by ± St, the rotational frequency.
2.
Application of Inter-Segment Compatibility Constraints
As shown in Section 4.5.1 of Reference 8, equations (2) are used to derive the compatibility conditions relating the circumferential harmonic component degrees of freedom on the two sides of a rotationally cyclic sector:
u2c u c cos(ka) + u s sin(ka) 
Gck + Gsk Kn Gsk and + Gs k fks
As discussed earlier, P kc and P ks are the transformed frequency-dependent circumferential harmonic components of the directly applied and base acceleration loads.
At any (tN :Jtation frequency w', let _ pKeiw't and accordingly,
--K = uKeiw"t where pK and u K are complex quantities. Equation (1 8 ) can be rewritten as
The excitation frequency V is given by W , = w for all directly applied and axial base acceleration loads, and
= w±Q for lateral base acceleration loads.
Equation (21) is solved for u K for all excitation frequencies and all harmonics
as specified by the user. The cosine and sine harmonic components of displacements are recovered using equations ('17).
4.
Recover of Frequency-Dependent Displacements in Various Segments h
This step is carried out only when the applied loads are specified on t e various segments of the complete structure. Table 2 ) and the first in-plane shear mode frequency (1994 Hz, k = 0, Table 2 ). Since the excitation is parallel to the axis of rotation, only the former mode responds. The k = 1 excitation is due to lateral base acceleration only. Although the frequency band of 'input base acceleration is 1700-1920 Hz, the rotation of the bladed disc at 600 Hz splits the input bandwidth into two effective bandwidths:
(1700 -600) = 1100 to (1920 -600) = 1320 Hz, and (1700 + 600) = 2300 to (1920 + 600) = 2520 Hz.
The only k = 1 mode in these effective bandwidths is the first torsional mode of the blade with the disc practically stationary (2460 Hz, k = 1, Table 2 ). This is shown by the out-of-plane displacement magnitudes of grid points 18 Results from examples 4 and 5 compare well with tip from example 3, and are shown in Table 4 . ^► Since all the cyclic sectors are identical in all respects except for the specified loads, no generality is lost in assuming, for simplicity, that the modelled sector is the n = 1 sector. Equation(B1) can, then, be rewritten as 
the circumferential harmonic components of the base acceleration loads become 1s) and 
